Considering gravitational collapse of Type I fluids, we prove that, given an arbitrary C 1 -mass function M(r, v) and a C 1 -velocity function b(r), there exist infinitely many solutions ν(t, r) (through the existence of corresponding C 1 -functions h(r, v)) so that the 'true' initial data (M, b(r)) leads the collapse to the formation of naked singularity. We further prove that the occurrence of such a naked singularity is stable with respect to initial data, the terms 'stability' and 'genericity' having been appropriately defined. We remark that though the initial data leading to both black hole and naked singularity form a "big" subset of the true initial data set, their occurrence is not C 1 -generic.
Introduction
In recent papers [1, 2, 3] Joshi, Dwivedi and Goswami have discussed the role of initial data in spherically symmetric gravitational collapse for Type I general matter fields. It is shown that given the density (ρ) and pressure profiles (p r , p θ ) at the initial spacelike hypersurface from which the collapse evolves, there is wide choice available to choose the velocity function and rest of the initial data so that the function χ(0) will be negative or positive i.e. the end state of collapse is either a black hole (BH) or a naked singularity (NS). This result is significant for two reasons:-(1) it produces a substantially "big" initial data set which under gravitational collapse results into a naked singularity. (2) Type I general matter fields include most of the known physical forms of matter. At least in a spherically symmetric case, this result shows that while considering black hole physics, one must discard certain part of initial data set that leads the collapse to a naked singularity.
In the present paper, we prove that given a C 1 -mass function M(t, r) and C 1 -velocity function b(r) on an initial spacelike hypersurface, there always exists a C 1 -function ν(t, r) such that the total initial data comprising of mass function (includes density and pressure), a function ν(r) and velocity function b(r) evolves into a naked singularity as a result of gravitational collapse.
We also show that the set of such mass function and velocity function 'b(r) ' form an open subset of the total C 1 -space of such functions and hence existence of naked singularity is stable in this particular sense. We make this particular definition of stability precise which is analogous to the definition of 'structural stability' in the theory of dynamical systems and which is also analogous to the definition of D-stability (development stability), a term introduced by Tipler [4] in 1977. Our considerations of course are within the safety zone of spherical symmetry.
In section 2, we briefly summarize some analysis given in [1] and state the conditions (on the initial data) under which the collapse will lead to a naked singularity. Thereafter, in section 3, we define the concept of stability and genericity that we follow in this paper and in section 4, we analyze the condition of existence of naked singularity to prove our assertion mentioned above by using existence theory of first order ordinary differential equations. In section 5, we prove openness of initial data set following an earlier work of Saraykar and Ghate [5] . We conclude the paper with comment on genericity of initial data set.
Field equations, initial data and naked singularity
In this section, we summarize some analysis from [1] . The general spherically symmetric metric describing space-time geometry within the collapsing cloud can be described in comoving coordinates (t, r, θ, φ) by
where
is the metric on an 2-sphere. The stress-energy tensor for Type I fluid in a diagonal form is given by [6] 
The quantities ρ, p r and p θ are the energy density, radial and tangential pressures respectively. We take the matter field to satisfy weak energy condition i.e. the energy density measured by any local observer be non-negative, so for any vector V i , we must have,
Einstein field equations for the metric (1) are
where we have defined G(t, r) = e −2ψ (R ′ ) 2 and H(t, r) = e −2ν (Ṙ) 2 . The total mass in a shell of collapsing cloud of comoving radius r is represented by the arbitrary function F = F (t, r). The weak energy conditions imply F ≥ 0. The regularity at the initial epoch t = t i is preserved by F (t i , 0) = 0 i.e.the mass function should vanish at the centre of the cloud. The density singularity in the space-time is at R = 0 and R ′ = 0, the later one is due to shell-crossings and can possibly be removed from the space-time [7] , so we consider here only a physical singularity where all matter shells collapse to a zero physical radius known as shell-focusing singularity. We can use scaling freedom available for the radial co-ordinate r to introduce the function v(t, r) by the relation
we have v(t i , r) = 1; v(t s (r), r) = 0 and for collapsev < 0. The time t = t s (r) corresponds to the shell-focusing singularity R = 0. The six arbitrary functions of the shell radius r as given by
evolve the dynamics of the initial data prescribed at the initial epoch t = t i . From equation (6), we obtain
which indicates that not all the above initial data are mutually independent and that ν o (r) has the form,
where g(r) is at least a C 1 function of r for r = 0, and at least a C 2 function for r > 0. let us now assume the physically reasonable behaviour of the initial data at the center r = 0 i.e. p ′ ro (0) = p ′ θo (0) = 0 and p ro (0) − p θo (0) = 0, for details refer [1] . We have a total of five equations with seven unknowns, namely ρ, p r , p θ , ν, ψ, R and F giving us the freedom of choice of two functions. Selection of these two free functions, subject to the given initial data and the weak energy condition above, determines the matter distribution and the metric of the space-time and thus, leads to a particular time evolution of the initial data.
A general mass function for the cloud can be considered as
where M(r, v) is regular and continuously differentiable. Using equation (12) in equations (4) and (5), we obtain
Then as v → 0 , ρ → ∞ and p r → ∞ i.e. both the density and radial pressure blow up at the singularity. The regular density distribution at the initial epoch is given by ρ o (r) = 3M(r, 1) + rM(r, 1) , r . We take the initial surface to be the cloud given by 0 ≤ r ≤ r c for some finite r c on which the initial data, namely the mass function F (t, r), the metric function ν(t, r) and the velocity function b(r) evolve as the collapse begins according to the Type I fluids dynamical equations. So, we take M(r, v) > 0 and at least C 1 in [0, r c ] on the constant v-surface. Further, from equation (4), M(r, 1) should satisfy the condition (r
Consider the general metric function,
where A(t, R) is any arbitrary, continuously differentiable function of t and R, with the initial constraint A(t i , R) = ν o (r). We use equation (15) in equation (6)to get
From above equation, we conclude that the tangential pressure also blows up at the singularity. Also, the use of equation (15) in equation (7), yields
where d(r) is another arbitrary continuously differentiable function of r. From equation (11), we generalize the form of A(t, R) as A(t, R) = r 2 g 1 (r, v) , where g 1 (r, v) is a continuously differentiable function and g 1 (r, 1) = g(r). Similarly, we have A − A ,t dt = r 2 g 2 (r, v) and at the initial epoch g 2 (r, 1) = g(r) . We write
Then using equations (12), (15) and (17) in equation (8), we get
where negative sign is chosen as, for the collapse,Ṙ < 0. Defining a function h(r, v) as
and substituting equation (20) in equation (19), we get
Integrating the above equation , we have
Here, the variable r is treated as a constant in the above equation. Expanding t(v, r) around the centre, we get
where the function
Now, it is clearly seen that the value of χ(0) depends on the functions b(0), M(0, v) and h(0, v), which in turn, depend on the initial data at the initial surface t = t i . Thus, a tangent to the singularity curve t = t so is completely determined by the given set of density, pressure, velocity function and metric function ν. Further, from equation (21), we can write
If the neighbourhood of the centre R = 0, r = 0 gets trapped earlier than the formation of singularity, then it is covered ( i.e. occurrence of a black hole), and if otherwise happens the singularity is naked (ie. singularity can be observed locally or by a faraway asymptotically placed observer) [7] . We examine the nature of central singularity at R = 0, r = 0. For this, we consider the equation for outgoing radial null geodesic, dt dr = e (ψ−ν) and test, if there would be any families of null geodesics coming out of the singularity. Further, we write the null geodesic equation in terms of the variables ( u = r α , R), choosing (α = 5/3 ), and using equation (8), we obtain
If the null geodesics terminate at the singularity in the past with a definite tangent, then at the the singularity, we have dR du > 0, in the (u, R) plane with a finite value. Hence, all points r > 0 on the singularity curve are covered since F/R → ∞ with dR du → −∞ and only the singularity at the centre r = 0 could be naked. For the case, when R ′ > 0 near the central singularity, we have
and use of equations (25) and (26) yield x o 3/2 = (3/2) M(0, 0)χ(0). Therefore, if χ(0) > 0 then x o > 0, and we get radially outgoing null geodesics coming out from the singularity , giving rise to a naked central singularity. However, if χ(0) < 0 then we have a black hole solution, as there will be no such trajectories coming out. For χ(0) = 0 , we will have to take into account the next higher order non-zero term in the singularity curve equation, and a similar analysis can be carried out by choosing a different value of α.
Thus, it is clearly seen as to how the initial data determines the NS/BH phases as end states of collapse, since χ(0) is determined by these initial profiles for the collapsing matter given by equation (24).
Definition of stability and genericity of a NS
In this section, we give the appropriate definitions of stability and genericity. Our definitions of stability and genericity are based on the structural stability of a dynamical system, and genericity of a property of a dynamical system respectively. For more details, refer chapter 7, §3,4 of Abraham and Marsden [8] .
Let M be a manifold on which a vector field or a dynamical system is defined. Let X (M) be the space of all vector fields on M. Whitney C r -topology on X (M), generated by the norm is given by
where E and F are vector spaces, U an open subset of E, and f : U → F . D k f denotes kth Frechet derivative of f . X (M) endowed with Whiteny C r -topology is denoted by X r (M). A property of vector fields in X r (M) is a proposition P (x) with a variable x ∈ X r (M). A property P (x) with a variable x ∈ X r (M) is generic if the subset {x ∈ X r (M)/P (x)} ⊂ X r (M) contains a residual set.
A subset A of a topological space X is called residual if and only if A is the intersection of a countable family of open dense subsets of X. A topological space X is a Baire space if and only if every residual set is dense. We also know that every complete metric space and in particular every Banach space is a Baire space. Also, whether M is compact or not, X r (M) is a Baire space.
Let X be a vector field or a dynamical system on M. Then X is structurally stable if there is a neighbourhood Φ of X ∈ X r (M) in the Whitney C r -topology such that Y ∈ Φ implies X and Y are topologically conjugate i.e. they have equivalent phase portraits. This means that there is a homeomorphism h : M → M carrying oriented orbits of X to oriented orbits of Y .
In our case, we apply these definitions analogously to the evolution of initial data into a gravitational collapse leading to a naked singularity or a black hole. We treat evolving initial data as a vector field or a dynamical system and consider the space of all initial data with sufficient differentiability defined on a collapsing compact spherical shell of Type I fluid, in place of X (M), endowed with a suitable C r -topology. Property P of a dynamical system becomes the property of initial data, namely, whether this initial data leads the collapse to a naked singularity or a black hole. Thus, the definitions of stability of a naked singularity and genericity of its occurrence can be stated as follows.
Let I o be the initial data set, which when evolves, leads the collapse to a NS/BH. We say that a NS/BH is stable, if there is a neighbourhood I of I o in C r -topology such that, if I 1 is another initial data in I, then I 1 also leads the collapse to a NS/BH. In other words, if the set of initial data leading the collapse to a NS/BH forms an open subset of C r -space of all initial data, then the NS/BH will be stable. Similarly, occurrence of a NS/BH will be said to be generic, if the set of all initial data leading to NS/BH, is a dense subset of the parent C r -space. Our definition of stability is also analogous to the definition of D-stability introduced by Tipler [4] . We recall it here for the sake of completeness. Let the initial data (h 
Existence of metric functions ν leading to NS
In this section, we prove the assertion mentioned in the introduction. We choose h(r, v) to satisfy the differential equation on a constant v-surface
It will then follow that
This condition ensures that central shell-focusing singularity will be naked. We, now, discuss the existence of h(r, v) as a solution of the differential equation (29). We put
a continuous function of r, in equation (29) and rearranging it, we get
with the initial condition
Let us ensure the existence of C 1 -function x(r, v) as a solution of above initial value problem defined throughout the cloud. The function f (x, r) is continuous in r, with x restricted to a bounded domain. With such domain of r and x, f (x, r) is also C 1 -function in x which means f (x, r) is Lipschitz continuous in x. Therefore, the differential equation (33) has a unique solution satisfying initial condition (34).
Further, we can ensure that the solution will be defined over the entire cloud i.e. for all r in [0, r c ] by using the freedom in the choice of arbitrary function B(r, v). For this , we consider the domain [0, r c ] × [0, d] for some finite d. Let S be the supremum of the modulus of f (x, r). Then the differential equation (33) has a unique solution defined over the entire cloud provided [9] r c ≤ inf(r c , d
This yields max 0≤r≤rc,0≤x≤d
Condition (35), in turn, will be satisfied if the weaker condition
holds for all r in [0, r c ]. The collapsing cloud may start with r c small enough so that the expression
which is always positive, satisfies the condition (37) with x restricted to a bounded domain. We then have infinitely many choices for the function B(r, v), which is continuous and satisfies conditions (30) and (37) Then, ν(t, r) = A(t, R) and A− A ,t dt = r 2 g 2 (r, v) guarantee the existence of a general metric function ν(t, r). Such choice of ν(t, r) and expressions for G and H together will yield the metric (1) as an exact solution leading to the occurrence of naked singularity only.
Stability
We assume that X be an infinite dimensional Banach space of all C 1 real-valued functions defined on [0, r c ], endowed with the norm
This norm is equivalent to the standard C 1 -norm
Let G = {M(r) : M > 0, M is at least C 1 and rM ′ + 3M > 0 on [0, r c ] } be a subset of X. We show that G is an open set in X.
For M in G, let us put γ = min(rM ′ + 3M) and δ = min(M) for varying r in [0, r c ].
and η = γ 2rc
respectively. Hence,
The condition on another initial data b(r) is that, it is an arbitrary C 1 -velocity function for the collapsing shells defined in the domain [0, r c ]. Let the space X contains such initial data b(r). Then G × X is an open set in the product space X × X. For (M 1 , b 1 (r)), in such neighbourhood of (M, b(r)) in G × X, we then have a choice of infinitely many B 1 (r, v), such that for each such B 1 (r, v), there will exist a unique h 1 (r, v) such that the initial data of mass function r 3 M 1 and b 1 (r) together will lead the collapse to a naked singularity. Thus, naked singularity arising from (M, b(r)) is C 1 -stable in the sense defined in section 3.
6 Discussion and conclusions is finite. Therefore, in general h ,r (0, v) < 0. Hence, h(r, v) is a decreasing function in the neighbourhood of (r = 0, v). 2. The main conclusions are the following: (a) Given a C 1 -mass function M(r, v) and C 1 -velocity function b(r), on any v = constant surface, we find a C 1 -function h(r, v) so that we have existence of a metric function ν(t, r) determined by h(r, v) such that the collapse ends in a naked singularity. (b) With physically reasonable conditions put on mass function M, and with C 1 -function b(r), the initial data consisting of (M, b(r)) leading the collapse to a naked singularity forms an open subset of C 1 × C 1 space of functions. This establishes stability of naked singularity (c) Using the arguments of [5] , it can be shown that the set G × X of 'true' initial data (M, b(r)) is not a residual set in the product space X × X of all C 1 -functions defined on [0, r c ]. Therefore, occurrence of naked singularities is not C 1 -generic. Further, since the set G × X is open, it cannot be nowhere dense and hence G × X is not a meagre set either. Thus, it is a substantially "big" set.
3. Similar analysis for the case χ(0) < 0 ( that is B(0, v) > 0 for all v in [0, 1]) shows that the set G × X of 'true' initial data (M, b(r)), leading the collapse to black holes forms an open set and it is neither dense nor nowhere dense in the space of all initial data. Thus, occurrence of black holes is also not generic.
